A DE LA VALLEE POUSSIN TYPE THEOREM IN BANACH SPACES(Nonlinear Analysis and Convex Analysis) by NISHISHIRAHO, TOSHIHIKO
TitleA DE LA VALLEE POUSSIN TYPE THEOREM INBANACH SPACES(Nonlinear Analysis and Convex Analysis)
Author(s)NISHISHIRAHO, TOSHIHIKO
Citation数理解析研究所講究録 (1997), 985: 65-78
Issue Date1997-03
URL http://hdl.handle.net/2433/60980
Right
Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
A DE LA VALLEE POUSSIN TYPE THEOREM IN
BANACH SPACES
TOSHIHIKO NISHISHIRAHO ( )
1. Introduction
Let $C_{2\pi}$ denote the Banach space of all $2\pi$-periodic, continuous func-
tions $f$ on the real line $\mathbb{R}$ with the norm
$||f||_{\infty}= \max\{|f(t)| : |i|\leq J\tau\}$ .
Let $\mathbb{N}$ be the set of all positive integers. and put $\mathbb{N}_{0}=\mathbb{N}\cup\{0\}$ . For
each $n\in \mathbb{N}_{0}$ , we denote by $\mathfrak{T}_{n}$ the set of all trigonometric polynomials of
degree at most 77. For a given $f\in(_{\text{ }^{}\gamma}\mathit{2}\pi\cdot$ we define
$F_{\lrcorner}(nC_{2;f)\{}^{\gamma}, \pi=\inf||f-g||_{\infty}$ : $g\in T$ }$\sim n$ ’
which is called the best approximation of degree $n$ to $f$ with respect to
$\mathcal{T}\sim n$ .
Let $a\in \mathbb{N},$ $a\geq 2$ and let $\Omega\neq 0$ be a non-negative, monotone
decreasing function on $[a, \infty)$ satisfying the conditions
$\lim_{xarrow\infty}\Omega(X)=0$ (1)
and
$\int_{a}^{\infty}\frac{\Omega(x)}{x}dx<\infty$ . (2)
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Then the classical theorem of de la Vall\’ee Poussin states that: Let $f\in$
$c_{\text{ }^{}\mathrm{v}}2\pi$ and $r\in \mathbb{N}_{0}$ . If
$E_{n}(c_{2}^{\gamma} \pi;f)=O(\frac{\Omega(n)}{\tau\iota^{r}})$ $(7larrow\infty)$ ,
then $f$ is $r$-times continuously differentiable on $\mathbb{R}$ and
$\omega(C_{2\pi}’;f^{(7}.),$ $\delta)=O(\delta\int_{a}^{a’\delta}\Omega(X)d/x+\int 1’\delta\frac{\Omega(x)}{x}dX)\infty$ $(\deltaarrow+0)$ ,
where
$\omega(c,2\pi;f^{()}r, \delta)=\sup\{||f(r)(\cdot-t)-f^{(r)}(\cdot)||_{\infty} : |t|\leq\delta\}$
denotes the modulus of continuity of $f^{(r)}$ (cf. [5]).
A statement analogous to this result also holds for the Banach space
$L_{2\pi}^{T)}$
‘ consisting of all $2,\prime \mathrm{T}$-periodic. p–power Lebesgue integrable functions
$f$ on $\mathbb{R}$ with the norm
$||f||_{p}=( \frac{1}{2\pi}\int_{-\pi}^{\pi}|f(t)|pdt)^{1}\mathrm{P}$ $(1\leq p<\infty)$
using the integral modulus of continuity (cf. [17]). Furthermore. in [3]
these results were generalized by means of the higher order moduli of
continuity and yielded the inverse theorems of Bernstein-type on the
degree of the best approximation with respect to $\mathfrak{T}_{n}$ (cf. [2]. [9]. [10],
[20] $)$ .
The purpose of this paper is to extend the above-mentioned results to
arbitrary Banach spaces. and in particular. homogeneous Banach spaces
(cf. [8]. [11], [18]) which include $C_{2\pi}^{\gamma}$, and $L_{2\pi}^{p},$ $1\leq p<\infty$ . as particular
cases. For this purpose, we consider the following setting:
Let $X$ be a complex Banach space with norm $||\cdot||_{X}$ , and let $B[X]$
denote the Banach algebra of all bounded linear operators of $X$ into
itself with the usual operator norm $||\cdot||_{B|X}$]. Let $\mathbb{Z}$ denote the set of all
integers. and let $\{P_{j} : j\in \mathbb{Z}\}$ be a sequence of projection operators in
$B[X]$ satisfying the following conditions:
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(P-1) The projections $P_{j^{r}},j\in \mathbb{Z}$ . are mutually orthogonal, i.e., $P_{j}P_{n}=$
$\delta_{j},{}_{n}P_{7\iota}$ for all $j,$ $n\in \mathbb{Z}$ . where $\delta_{j,n}$ denotes Kronecker $\mathrm{s}$ symbol.
(P-2) $\{P_{j} : j\in \mathbb{Z}\}$ is fundamental, i.e., the linear span of $\bigcup_{j\in \mathrm{Z}}P_{j}(X)$ is
dense in $X$ .
(P-3) $\{P_{j} : j\in \mathbb{Z}\}$ is total, i.e., if $f\in X$ and $P_{j}(f)=0$ for all $j\in \mathbb{Z}$ ,
then $f=0$ .
For each $n\in \mathbb{N}_{0j}$ let $M_{n}$ be the linear span of $\{P_{j}(X) : |j|\leq n\},\cdot$
which is a closed linear subspace of $X$ . For a given $f\in X$ . we define
$F_{\lrcorner}^{\urcorner}(n;xf)= \inf\{||f-g||X:.q\in M_{n}\}$ ,
which is called the best approximation of degree $n$ to $f$ with respect to
$M_{n}.$ Clearly,.
$F_{0}\lrcorner(x_{\rho}.\cdot f)\geq E_{1}(X;f)\geq\cdots\geq E_{n}(X;f)\geq E_{n}+1(X\backslash \cdot f)\geq\cdots\geq 0$ ,
and Condition (P-2) implies that
$\lim_{narrow\infty}E_{n}(x;f)=0$ for every $f\in X$ .
In this paper, we derive certain smoothness properties of $\dot{\mathrm{a}}\mathrm{n}$ element
$f\in X$ from the hypothesis that $\{F_{n}\lrcorner(X;f) : 7\mathit{1}\in \mathbb{N}_{0}\}$ tends to zero with a
given rapidity. We refer to [16] for detailed treatments and [15] (cf. [13],
[14] $)$ for the study of the direct theorems of Jackson-type (cf. [7]) which
estimates the magnitude of $E_{n}(X;f)$ in terms of the moduli of conti-
nuity of higher orders of $f$ with respect to a strongly continuous group
of multiplier operators on $X$ associated with Fourier series expansions
corresponding to $\{P_{j} : j\in \mathbb{Z}\}$ .
2. Moduli of continuity and Bernstein-type inequality
For any $f\in X$ , we associate its (formal) Fourier series expansion
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with respect to $\{P_{j} : j\in \mathbb{Z}\}$
$f$ $\sum_{j=-\infty}^{\infty}P_{j}(f)$ .
An operator $T\in B[X]$ is called a multiplier operator on $X$ if there exists
a sequence $\{\tau_{j} : j\in \mathbb{Z}\}$ of complex numbers such that for every $f\in X$ ,
$\ulcorner l^{\urcorner}(f)$
$j=- \sum_{\infty}^{\infty}\tau jP_{(}f)$ ,
and the following notation is used:
$T$
$\sum_{j=-\infty}^{\infty}\mathcal{T}_{j}P_{j}$ (3)
(cf. [4], [11], [12], [21]).
Let $M[X]$ denote the set of all multiplier operators on X. which is a
commutative closed subalgebra of $f\mathit{3}[X]$ containing the identity operator
$J$ . Let $\{T_{t} : t\in \mathbb{R}\}$ be a family of operators in $M[X]\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\infty \mathrm{n}\mathrm{g}$
$||T_{t}||_{B}[X]\leq 1$ for all $t\in \mathbb{R}$ (4)
and having the expansions
$T_{t}$ $\sum_{j=-\infty}^{\infty}e-ijbP_{j}$ $(t\in \mathbb{R})$ .
Then $\{T_{t} : t\in \mathbb{R}\}$ becomes a strongly continuous group of operators in
$B[X]$ and we have
$C_{X}^{r}(Pj(g))=(-ij)r_{P_{j()}}g$ $(j\in \mathbb{Z}, g\in X, r\in \mathbb{N})$ (5)
and
$G^{r}$
.
$(f)$ $\sum_{j=-\infty}^{\infty}(-ij)^{r}Pj(f)$ $(f\in D(G^{r}), r\in \mathbb{N})$ ,
where $G$ is the infinitesimal generator of $\{’l_{t}^{1} : t\in \mathbb{R}\}$ with domain $l$) $(C\gamma)$
(cf. [11; Proposition 2]). For the basic theory of semigroups of operators
on Banach spaces we refer to [1] and [6].
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For each $r\in \mathbb{N}_{0}$ and $t\in \mathbb{R}$ . we define
$\Delta_{t}^{0}=I$ , $\Delta_{t}^{r}=(\mathcal{I}_{t}’-I)r=m=0\sum^{r}(-1)r-m’\int\urcorner mt$ $(r\geq 1)$ ,
which stands for the r-th iteration of $\prime I_{t}\urcorner-I$ . Then $\Delta_{t}^{r}$ belongs to $M[X]$
and
$||\Delta_{t}^{r}||_{B}.[X]\leq 2^{r}$ , $\Delta_{t}^{r}$ $\sum_{j=-\infty}^{\infty}(e-ijb-1)r_{f_{j}})$ .
If $r\in \mathbb{N}_{0},$ $f\in X$ and $\delta\geq 0,$, then we define
$\omega_{7}.(X;f, \delta)=\sup\{||\Delta_{t}7^{\cdot}(f)||X : |t|\leq\delta\}$ ,
which is called the r-th modulus of continuity of $f$ with respect to $\{^{\Gamma}l_{t}^{\urcorner}$ :
$t\in \mathbb{R}\}$ . This quantity has the $\mathrm{f}\mathrm{o}11_{\mathrm{o}\mathrm{W}^{7}}\mathrm{i}\mathrm{n}\mathrm{g}$ properties ([15; Lemma 1]):
Lemma 1. Let $r\in \mathbb{N}$ and $f\in X$
$(a)$
$\omega_{r}(x;f, \delta)\leq 2^{r}||f||x$ $(\delta\geq 0)$ .
$(b) \omega_{r}(X;\int_{)}\cdot)$ is a non-decreasing function defined on $[0, \infty)$ and
$\omega_{r}(X;f, 0)=0$ .
$(c)$
$\mathrm{t}\iota_{r}$
’
.9 (X.; $f,$ $\delta$ ) $\leq 2^{r}\omega_{;}.(x.\cdot f"\delta)$ $(.\backslash \cdot\in \mathbb{N}_{0}, \delta\geq 0)$ .
In particular, we have
$\lim_{\deltaarrow+0}\omega(rX;f, \delta)=0$ .
$(d)$
$\omega_{r}(X;f_{\backslash },c_{\delta})\leq(1+\xi)^{r}\omega r(x;f, \wedge)$ $(\xi, \delta\geq 0)$ .
$(e)$ If $0<\delta\leq\xi$ . then
$\omega_{r}(X;f,\xi)/\xi^{r}\leq 2^{r}\omega_{r}(x;f, \delta)/\delta^{r}$.
$(f)$ If $f\in\Gamma \mathit{3}(C\tau^{\mathrm{Y}})r$ . then
$\omega_{r+g}(x:f, \delta)\leq\delta^{r_{(\ .\mathrm{s}}},(x;c^{\mathrm{Y}r}(f), \delta)$ $(_{S\in}\mathbb{N}_{0}, \delta\geq 0)$ .
$(g)\omega_{r}(X.\cdot, \delta)\theta$ is a seminorm on $X$ .
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If $k$ is a function in $L_{2\pi}^{1}$ having the Fourier series expansion
$k(i)$ $\sum_{j=-\infty}^{\infty}\hat{k}\cdot(j)e^{i}jt$
with its Fourier coefficients
$\hat{k}(j)=\frac{1}{2\pi}\int_{-\pi}^{\pi}k(t)e^{-}dijlt$ $(j\in \mathbb{Z})$
and if $T\in B[X]$ , then we define the convolution operator $k*T$ by
$(k*T)(f)= \frac{1}{2\pi}\int_{-\pi}^{\pi_{k()?(:}}t1I^{\urcorner}(tf))dt$ $(f\in X)$ ,
which exists as a Bochner integral (cf. [11]). Obviously, $k*\prime l^{1}$ belongs to
$B[X]$ and
$||k*T||_{B}[\chi]\leq||k||1||T||_{B}\mathrm{r}X]$ (6)
because of (4). In particular, if $T$ is an operator in $M[X]$ having the
expansion (3), then $k*T\in M[X]$ and there holds
$k$. $*T$ $\sum_{j=-\infty}^{\infty}\hat{k}(j)\tau jP_{j}$ , $(\overline{\prime})$
which is an immediate consequence of [15; Lemma 2].
Now we need the following Bernstein-type inequality in order to
prove the main theorem.
Lemma 2. Let $7?\in \mathbb{N}_{0}$ and $r\in \mathbb{N}$ . Then
$||G^{r}(f)||_{X}\leq(27l)r||f||_{X}$ (8)
for all $f\in M_{n}$ .
Proof. By (5), (8) is trivial for $7l=0$ . Let $7l\in \mathbb{N}$ , and let $k_{n}(t)=$
$2nF_{n}(t)\mathrm{s}\mathrm{i}\mathrm{n}\prime l_{\mathrm{r}}f_{\text{ }}$ , where
$F_{n}(t)=1+2 \sum n=\cos jt\frac{1}{7l}j=1(\frac{\sin(_{7}lt/2)}{\sin(f/2)})^{2}$
is the Fej\’er kernel. Since
$f= \sum_{j=-n}^{n}P_{j}(f)$ , (9)
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(5) implies $f\in D(G^{r})$ and
$G^{\Gamma}(f)= \sum_{nj=-}Gr(P_{j}(f))=\sum^{n}(-ij)r_{Pj}(f)nj=-n$ . (10)
Since
$\frac{i}{n}k_{n}(t)=F_{n}(t)e^{int}-Fn(t)e^{-}int$,
we obtain
$\underline{i}\underline{j}\hat{k}_{n}(j)=$
$(|j|\leq n)$ .
$n$ $7l$
Therefore, in view of (7), (9) and (10), we have
$(k_{n}^{\backslash }*I)(f)=j=- \sum_{n}^{n}Pj((k_{n^{*}}.I)(f))=\sum_{=j-n}^{n}\hat{k}_{n}(j)P_{j}(f)$
$=.. \sum_{j=-n}^{n}(-ij)Pj(f)=G(f)$ ,
and so (6) yields
$||G(f)||_{\mathrm{x}}=||(k_{n}*I)(f)||_{X}\leq||k_{n}||_{1}||f||_{X}\leq 2n||f||_{x}$.
Thus (8) follows from induction on $r$ . $\square$
3. The main theorem
Recall that $M_{n}$ is the closed linear subspace of $X$ spanned by { $P_{j}(X)$ :
$|j|\leq 7\mathit{1}\}$ . Here we suppose that for each given $f\in X$ and each $n\in \mathrm{N}_{0\epsilon}$.
there exists an element $f_{n}\in M_{n}$ of the best approximation of $f$ with
respect to $M_{n}$ , i.e.,
$E_{n}(X;f)=||f-f_{n}||\mathrm{x}$ . (11)
Remark 1. If the $dimen\mathit{8}i_{on}$ of $M_{n}i\mathit{8}$ finite, then for any $f\in X$ there
exists an element of the $be\mathit{8}t$ approximation of $f$ with $re\mathit{8}pect$ to $M_{n}$ . In
particular, if $\{\varphi j, \varphi_{j}^{*}\}j\in \mathbb{Z}$ is a fundamental. total, biorthogonal $\mathit{8}ystem$ (cf.
[11; Remark 8]$)$ and if $M_{n}$ is the linear span of $\{\varphi_{j} : |j|\leq n\}$ , then for
every $f\in X$ there exists an element of the best approximation of $f$ with
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respect to $M_{n}$ . Also, if $Xi_{\mathit{8}}$ a Hilbert $\mathit{8}pace$ , then for each $f\in X$ there
exists a unique element of the best approximation of $f$ with respect to
$M_{n}$ . For the general theory of the best approximation in normed linear
spaces, we refer to $[\mathit{1}\mathit{9}J$ .
Theorem 1. Let $\Omega$ be $a\mathit{8}$ in Section 1. Let $f\in X$ and $r\in \mathbb{N}_{0}$ . If
$E_{n}(X;f)=O(_{7} \frac{}\Omega(n)}{\iota_{\text{ }})$ $(narrow\infty)$ , (12)
then $f\in D(G^{r})$ and for every $k\in \mathbb{N}$ .
$\omega_{k}(X;G^{r}(f), \delta)=O(\delta^{k}\int_{a}^{a/\delta}.x-\Omega k1(X)dX+I_{1,’\delta}^{\infty}’\frac{\Omega(x)}{x}dx)$ $(\deltaarrow+0)$ .
(13)
Proof. Let $f_{n}$ be an element of the best approximation of $f$ with
respect to $M_{n}$ . Then by (11) and (12), we have
$||f-f_{a^{n}}||_{X}\leq C_{1}\text{ }a^{-n}r\Omega(a^{n})$ $(n\geq 1)$ , (14)
where $C_{1}$ is a positive constant independent of $n$ . Put
$g_{2}=f_{(}l^{\mathit{2}}‘$ , $g_{n}=f_{a^{n}}-fa^{l-1}$’ $(71\geq 3)$ . (15)
Then it follows from (14) that
$||g_{n}||_{X}\leq||f_{a^{n}}-f||_{X}+||f-fa^{n-1}||\mathrm{x}\leq c_{\text{ }}1^{\frac{(1+a^{r})\Omega(a^{n-}1)}{a^{nr}}}$ $(n\geq 3)$ ,
and so Lemma 2 yields
$||c_{J}^{r}(g_{n})||_{x}\leq 2^{r}C_{\text{ }}1(1+a)r\Omega(a^{n}-1)$ $(n\geq 3)$ . (16)
By (2). we have
$\sum_{n=3}^{\infty}\Omega(a)n-1\leq\frac{a}{a-1}\int_{a}^{\infty}\frac{\Omega(x)}{x}dx<\infty$,
which together with (16) implies that there exists an element $g\in X$ such
that
$g= \sum_{2n=}^{\infty}c^{r}(gn)$ . (17)
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Also, (1). (14) and (15) imply that
$\int=\sum_{n=2}^{\infty}g_{n}$ . (18)
Since $C_{\mathrm{r}}^{\gamma r}$ is a closed linear operator. it follows from (17) and (18) that
$f\in D(G^{\mathrm{v}r})$ and
$G^{r}(f)= \sum_{n=2}^{\infty}cr(g_{n})$ . (19)
Therefore. by Lemma 1 (a) and (g), we have that for each $m\geq 2$ .
$\omega_{k}(X’.\cdot cj^{r}(f), \delta)\leq\omega_{k}(X;\sum_{\eta}^{m}CJ(7^{\cdot}.),$$\mathit 6}q_{n})-2+\omega_{k}(X;\sum_{n=m+1}G7^{\cdot}(gn),$$\delta \ma hrm{I}\infty$
$\leq\sum_{n=2}^{m}\omega h(x:c_{\tau}\mathrm{Y}r(g_{7\iota}), \delta)+2^{k}n=\sum_{1m+}||Gr(g_{\iota})||_{x}\infty,=I_{1}+I_{2}$ ,
say. By (10), Lemma 1 (f). Lemma 2 and (16), we have
$\omega_{k}(X:c_{\gamma}^{\mathrm{v}}r(_{J}(_{7}\mathrm{t}), \delta)\leq\wedge^{k}||G^{k}(G7^{\cdot}(gl\iota))||_{X}$
$\leq\delta^{k}(2a^{n})k||G^{tr}(.q_{7\iota})||_{X}$ $(n\geq 2)$
$\leq\delta^{k}(2_{\mathit{0}}n)^{k}2^{r}(^{\mathrm{Y}}1(1+(x7^{\cdot})\Omega(a)\prime \mathrm{z}-\mathrm{l}$ $(7l\geq 3)$ .
Thus we obtain that for each $7\mathit{7}\geq 2$ .
$l_{1}\leq\delta^{k}(2a)\mathit{2}k||c_{x^{7}}^{\mathrm{Y}}.(g2)||_{x1}+2k.+\tau\cdot C\gamma(1+a)r\delta^{k_{\sum_{=}^{m}}}n3akn\Omega(a^{n-1})$
$\leq(_{\text{ }}’ 2\delta^{k_{\sum_{n\mathit{2}}(^{k}}}7na-1-(n)k(n-a1)-1)\Omega(a^{n-1})$ ,
where $C_{2}^{\gamma}$ is a positive constant independent of 6 and $m$ .
Now let $0<\delta\leq 1/a$ , and we choose $7’\iota\in \mathrm{N},$ $77l\geq 3$ such that
$a^{m-2}\leq\delta-1<a^{m-1}$ .
First, we consider the case of $\Omega(a^{2})=0$ . Then (14) implies $f=.\mathrm{r}/2\in M_{a^{2}}$ .
and so (10). Lemma 1 (f) and Lemma 2 yield that
$\omega_{k}(X;C^{\mathrm{v}},r(.’),$ $\delta)\leq(2a^{\mathit{2}}‘)^{k}||G^{r}(f)||\mathrm{x}\delta k$ . (20)
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Also, we have
$\int_{(}^{a’\delta}\prime x^{k}-1\Omega(x)(lx\cdot\geq\int_{\mathrm{r}}^{a^{\gamma}}x^{k1}n-1-\mathrm{r}\mathit{2}(\prime x)d_{L\geq}’\cdot\int_{(}^{a^{\mathit{2}}}x^{k1}\Omega-(x)(l\prime x>0$,
which together with (20) clearly implies (13).
Next, let $\Omega(a^{2})>0$ . Then we have
$\sum_{n=\mathit{2}}^{7n}‘(^{k}(x-1)(n-ak(_{7}\iota-1)-\rceil)\Omega(a^{n-}1)\leq(\mathrm{r}\nu^{2}-k(l^{2}-1)k\Omega(\mathrm{r}l)$
$+ \sum_{n=3}^{b}7r\int Cl(,l’-1\rangle-1\Omega kak(1-1)(X^{1k})dx\leq\frac{\mathrm{f}l((x)}{\Omega(a^{2})}\int_{a^{2k}}^{(}\iota^{\mathit{2}k}-1\Omega(\prime x^{1}k)clX$
$+ \int_{c\mathrm{z}^{arrow}}a^{k}(m-1)(\Omega x?k-1\sim 1k)dx\leq(\frac{\Omega(a)}{\mathrm{f}2(a^{2})}+1\mathrm{I}\int_{l^{k}}^{a},\Omega(\prime x^{1})\prime_{k\zeta}l\sigma \mathrm{t}(_{\mathit{7}n-}1)$ .
$\leq(\frac{fl(\mathit{0})}{\Omega(a^{2})}‘+1)\int_{x^{h}}t‘\Omega(\prime x^{1}(’\delta)^{k}k)dx$ .
Therefore putting $t,$ $=x^{1,k}$ , we get
$J_{1} \leq C_{2}^{\gamma},(\frac{\mathrm{f}l(a)}{\mathrm{r}\mathit{2}(a^{\mathit{2}})}‘+1\mathrm{I}^{k\delta^{k}}\int_{a}(l\delta\gamma(u-1\Omega k)v,(l?/,$.
Also, by (16) we have
$l_{2} \leq 2^{k+}rc_{1},’(1+a)r\sum_{-}^{\infty}n-m$
1
S2 $(a^{7\iota-1})$
$\leq 2^{k+7}.C^{\gamma},1(1+a^{r})\frac{a}{cr-1}\int_{a^{\tau n-1}}^{\infty}\frac{\Omega(\prime J)}{x}.(l\prime r\cdot$
$\leq 2^{k+r}c^{\mathrm{v}_{1}},(1+a^{7}.)\frac{\mathrm{r}x}{a-1}\int_{1,\delta}^{\infty}\frac{\Omega(\alpha\cdot)}{x}dx$ .
Hence
$j$ we arrive at
$\omega_{k}(x;G7^{\cdot}(\int), \delta)\leq\zeta_{\text{ }}’ 3(\delta^{k}\int_{(}^{a\delta}\iota(\prime x^{k-1}\Omega x)_{t}lx+\int 1’,6\frac{f2(\prime x)}{x}(\infty.lX\mathrm{I}$ ,
where $C_{3}^{\gamma}$, is a positive constant independent of 6. This implies (13) and
the proof of the theorem is now complete. $\square$
Applying Theorem 1 to the case where
$\Omega(X)=\frac{1}{x^{\alpha}}$ , $\alpha>0$ ,
we have the following corollary.
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Corollary 1. Let $\alpha>0,$ $f\in X$ and $r\in \mathbb{N}_{0}$ . If
$E_{n}(X;f)=o( \frac{1}{n^{r+\alpha}})$ $(7larrow\infty)$ ,
then $f\in D(G^{r}’)$ and for every $k\in \mathbb{N}$ .
$\omega_{k}(X;G^{r}(f), \delta)=\{$
$O(\delta^{\alpha})$ $(\alpha<k, \deltaarrow+0)$
$O(\delta^{k}|\log\delta|)$ $(\alpha=k, \deltaarrow+0)$
$O(\delta^{k})$ $(\alpha>k, \deltaarrow+0)$ .
In the remaining part of this section, we restrict ourselves to the case
where $X$ is a homogeneous Banach space. i.e., $X$ satisfies the following
properties:
(H-1) $X$ is a linear subspace of $L_{2\pi}^{1}$ with a norm $||\cdot||_{X}$ under which it is
a Banach space.
(H-2) $X$ is continuously embedded in $L_{2\pi \text{ }^{}1}$. i.e., there exists a constant
$\zeta^{\gamma}>0$ such that $||f||_{1}\leq C||f||_{x}$ for all $f\in X$ .
(H-3) The translation operator $T_{t}$ defined by
$T_{t}(f)(\cdot)=f(\cdot-t)$ $(f\in X)$ ,
is isometric on $X$ for each $t\in \mathbb{R}$ .
(H-4) For each $f\in X$ , the mapping $t\mapsto T_{t}(f)$ is strongly continuous on
$\mathbb{R}$ .
Typical examples of homogeneous Banach spaces are $C_{2\pi}$, and $L_{2\pi}^{p},$ $1\leq$
$p<\infty$ . For other examples see [11] (cf. [8], [18]).
Now we define the sequence $\{P_{j} : j\in \mathbb{Z}\}$ of projection operators in
$B[X]$ by
$P_{j}(f)(\cdot)=\hat{f}(j)C^{j}j$
.
$(f\in X)$ ,
which satisfies Conditions (P-1), (P-2) and (P-3) just as Section 1 (cf.
[8], [11] $)$ . $\backslash _{\mathrm{A}}^{\mathrm{T}}\mathrm{o}\mathrm{t}\mathrm{i}\mathrm{C}\mathrm{e}$ that $M_{n}=\mathfrak{T}_{n}$ and for all $f\in X$ we have
$\Delta_{t}^{0}(f)=f$, $\Delta_{t}^{r}(f)(\cdot)=\sum_{m=0}^{r}(-1)r-mf(\cdot-mt)$ $(t\in \mathbb{R}, r\in \mathrm{N})$ .
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Consequently. in the above setting all the results obtained in this
paper hold, and so by Theorem 1. we have the inverse theorem of the
generalized de la Vall\’ee Poussin type (cf. [3], [5]. [17]) in arbitrary homo-
geneous Banach spaces. Furthermore, for $r=0$ and $0<(\gamma<1$ . Corollary
1 gives a generalization of [18; Theorem 9.4.5.1] in the context of the use
of the k-th modulus of continuity $\omega_{k}(X;f, \delta)$ . Also. for $k=2$ . Corol-
lary 1 establishes the theorem of Zygmund type (cf. [22]) in arbitrary
homogeneous Banach spaces.
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